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Abstract
A new method for the calculation of ﬂuid-structure interaction (FSI) of highly ﬂexible bodies is presented. This innovative
algorithm demonstrates the strong coupling of a commercial computational ﬂuid dynamics code with an in-house coded structural
solver. The strong response of the pressure distribution to the displacement can be approximated by a reduced order model for the
ﬂuid solver. The Jacobian of this reduced order model is then used in the structural solver to obtain a stable and full implicit iteration
scheme. The method is demonstrated on a 2D model of a ﬂexible aortic valve during the cardiac cycle. Furthermore, the model is
able to calculate shear stresses on the leaﬂet.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Detailed knowledge of the ﬂow ﬁeld and forces acting upon the heart valve apparatus is critical for the design of
prosthetic heart valves, and for a better understanding of biomechanical actors in heart valve disease. This is particularly
true for tissue engineered aortic valves. It is still problematic to transplant an in vitro cultured valve into the aorta,
where it is subjected to high pressures and shear forces acting on the newly seeded cells. Measuring these forces in
a direct way is impossible, but numerical techniques may be used to assess them. Ideally, the numerical computation
fully accounts for the interaction between the ﬂuid and the leaﬂet moving within the ﬂuid, without predeﬁning the ﬂuid
ﬁeld or the leaﬂet motion.
One possibility is to develop new software and solution methods for each of these coupled applications. This is
referred to as the monolithical approach or the direct method [1,13]. On the other hand, one can make use of existing
methods and software packages which have been developed for either ﬂuid or structural applications and consider
iterative methods [8]—also known as partitioned methods [13] for ﬂuid-structure interaction.As such, separate solvers
are used for the ﬂuid and the structure problem [7]. The coupling between both, with an exchange of updated meshes
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and boundary conditions, is done in an iterative way. However, if the coupling is very strong, convergence of this
subiteration process is hard to achieve. In this paper, a new technique is presented which allows the use of partitioned
solvers even for very strong coupled FSI problems. The commercial CFD package Fluent (Fluent Inc.) is used as ﬂuid
problem solver together with an in-house written code for the calculation of the motion of the structure.
2. Methods
2.1. A 2D structural model of a ﬂexible heart valve leaﬂet
Fig. 1 illustrates how the 2D ﬂexible heart valve leaﬂet with a length l is modeled. The leaﬂet consists ofN equidistant
segments with length l = l
N
connected to each other with frictionless pivots and with torsional springs, characterized
by the constant ks = EIl . The material model is based on earlier studies done by David et al. [2] and Horsten et al. [5].
If the pressure distribution p on the leaﬂet is given by the ﬂuid solver, the unknown variables are the positions X of the
segment centers, the angles  deﬁning the position of the leaﬂet, and the reaction forces Rx and Ry in the x-direction
and the y-direction, respectively, with
p = [p1 . . . pN ]T, X = [x1 y1 . . . xN yN ]T,  = [1 . . . N ]T, (1)
Rx = [Rx,1 . . . Rx,N ]T, Ry = [Ry,1 . . . Ry,N ]T.
The system describing the material model is written as G(p,X, , Rx, Ry) = 0. The ﬁrst two equations (two-
dimensional model) express that the length of the leaﬂet segments l does not vary with time. Furthermore, Newton’s
a
b
Fig. 1. Schematic overview of the implemented material model: (a) representation of the ﬂexible leaﬂet: segments are connected with frictionless
pivots and angular stiffness; (b) forces acting on a single segment of the ﬂexible leaﬂet.
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second law of motion and the conservation of angular momentum are expressed for each segment resulting in the
system:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Gi,1 = 0
Gi,2 = 0
Gi,3 = 0
Gi,4 = 0
Gi,5 = 0
=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
xi = xi−1 + l2 sin(i−1) + l2 sin(i ),
yi = yi−1 − l2 cos(i−1) − l2 cos(i ),
mx¨i = −Rx,i + Rx,i+1 + pi cos(i ),
my¨i = −Ry,i + Ry,i+1 + pi sin(i ),
I ¨i = Mi − Mi+1 + l2 (Rx,i + Rx,i+1) cos(i )
+ l2 (Ry,i + Ry,i+1) sin(i )
(2)
with Mi = ks(i−1 − i −i,no stress) and i,no stress assuring the stressless initial shape of the valve. The equations
look slightly different for the outer segments i=1 andN of the leaﬂet:M1=ks(0−1−0,no stress) and x0=y0=0m,
MN+1 =0Nm,Rx,N+1 =Ry,N+1 =0N. The structural equations are solved for a certain imposed pressure distribution
p. This gives the position of the leaﬂet, speciﬁed by Xn+1. The superscript n + 1 indicates the moment in time. The
angles (i) and reaction forces (Rx,i and Ry,i) can be seen as internal variables for the structural solver. In the sequel
we can thus write the structural solver as G(Xn+1, p)= 0. The structural problem will be solved in an iterative manner
with Newton’s method. With s + 1 denoting the new subiteration and s the previous subiteration, the iterative scheme
can be obtained as follows:
0 = G(Xn+1,s+1, p) ≈ G(Xn+1,s , p) + G
X
∣∣∣∣
n+1,s
Xn+1,s+1. (3)
With An+1,s = GX |n+1,s , we can solve for Xn+1,s+1 = Xn+1,s+1 − Xn+1,s from the equation:
An+1,sXn+1,s+1 = −G(Xn+1,s , p). (4)
This scheme is solved iteratively until convergence is reached. The position of the nodes Xn+1 is then in equilibrium
with the pressure distribution p. The superscript s is not written for converged quantities, e.g., Xn+1 = Xn+1,∞.
2.2. The ﬂuid solver
As ﬂuid solver the commercial CFD package Fluent (Fluent Inc.) is used. The use of a commercial solver allows
to show that the new algorithm is capable to work with a black box ﬂuid solver. At each moment in time the pressure
distribution can be computed for a given position of the nodes of the leaﬂet: pn+1 = Fn+1(Xn+1). One must keep in
mind that this is a very expensive call with respect to CPU time. The amount of such calls should be minimized.
2.3. Fluid-structure interaction coupling
A fully coupled FSI algorithm can be obtained by solving
{
G(Xn+1, pn+1) = 0,
pn+1 = Fn+1(Xn+1). (5)
This can be done iteratively for each time step:
{
G(Xn+1,k+1, pn+1,k) = 0,
pn+1,k+1 = Fn+1(Xn+1,k+1) (6)
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until convergence is obtained. The superscript k denotes the subiterations for FSI coupling. This is an explicit coupling
procedure which does not perform at all for very strong coupled problems. An implicit coupling procedure could be
written as{
G(Xn+1,k+1, pn+1,k+1) = 0,
pn+1,k+1 = Fn+1(Xn+1,k+1), (7)
which could be solvedwithNewton’smethod if the Jacobian pX would have been known.An approximation ofp
n+1,k+1
can be obtained from a Reduced Order Model Fn+1,kROM which predicts the behavior of the ﬂuid solver to the prescribed
displacements of the leaﬂet:
p˜n+1,k+1 = Fn+1,kROM (Xn+1,k+1) = pn+1,k + An+1,kROM (Xn+1,k+1 − Xn+1,k). (8)
When solving G for the leaﬂet position Xn+1,k+1, the pressure distribution on the leaﬂet is not constant anymore, but
changing with the leaﬂet position, resulting in the following equation to be solved:
0 = G(Xn+1,k+1, p˜n+1,k+1) ≈ G(Xn+1,k+1, pn+1,k) + G
p
∣∣∣∣∣
n+1,k
A
n+1,k
ROM (X
n+1,k+1 − Xn+1,k), (9)
where pn+1,k = Fn+1(Xn+1,k) and An+1,kROM is the Jacobian matrix of the reduced order model (8). With An+1,kmod =
G
p |n+1,kAn+1,kROM , this results in
0 = G(Xn+1,k+1, p˜n+1,k+1) ≈ G(Xn+1,k+1, pn+1,k) + An+1,kmod (Xn+1,k+1 − Xn+1,k). (10)
This equation is solved iteratively in the same way as Eq. (4):
(An+1,k+1,s + An+1,kmod )Xn+1,k+1,s+1 = − G(Xn+1,k+1,s , pn+1,k)
− An+1,kmod (Xn+1,k+1,s − Xn+1,k). (11)
It is important to notice that ﬂuid solver calls in this iteration loop are avoided. The index mod of the matrix An+1,kmod
is based on the use of “displacements modes”, which is further explained in Section 2.3.1. By using Amod, implicit
coupling is achieved in the subiterations.
Finally, Fig. 2 shows how the three iterations loops ﬁt into the ﬂow diagram: the smallest loop with index s is the
iteration loop for the structural leaﬂet model, the middle loop with index k is the iteration loop for the coupling of
Fluent with the structural solver and the outer loop with index n is the time step loop.
2.3.1. Calculation of Amod
To calculate the matrix Amod we remark that the force on one single segment is only function of the pressure on that
segment and is independent of the pressure distribution on the other segments. With this simpliﬁcation the calculation
of Gp is relatively simple. The calculation of AROM is more complicated. AROM represents the relation between p
and X within one time step. The proposed method uses “displacement modes” or possible displacements of the valve
leaﬂet. As the leaﬂet has 2N degrees of freedom, there are maximum 2N linear independent modes. By using these
modes, we can calculate an approximation of pX .
The process is started from the initial positions Xn+1,0 and the corresponding pressure distribution pn+1,0. Small
perturbations vj with reference to Xn+1,0 are introduced in the model and the correspondent pressure distribution
is calculated with the Fluent solver. When using k displacement modes vj = Xn+1,j − Xn+1,0, we can calculate k
corresponding changes in pressure distributions p
j
. By doing so, a matrix is constructed with the pressure changes
corresponding with the applied displacements modes:
[p1 · · ·pj · · ·pk] (12)
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Fig. 2. Iterative scheme of the 2D ﬂexible leaﬂet ﬂuid-structure interaction model.
withp
j
= pn+1,j −pn+1,0 for j =1 . . . k and with pn+1,j the pressure distribution resulting from the perturbation vj :
pn+1,j =Fn+1(Xn+1,0 +vj ). An arbitrary displacement X can now be written as a weighted sum of 2N perturbation
modes:
X = 1v1 + 2v2 + 3v3 + · · · + 2Nv2N = V . (13)
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Fig. 3. 2D ﬂexible aortic valve model: (a) geometry of the 2D aortic valve; (b) aortic ﬂow boundary condition.
As it is not necessarily required to use all 2N modes, we can rewrite the above equation for k modes:
X ≈ 1v1 + · · · + j vj + · · · + kvk , (14)
which is an overdetermined problem for . This can be faced with the least square approach:  = (V TV )−1V TX.
The calculated j represent the “contribution” of each mode to the total displacement X. The corresponding pressure
change p can be estimated as
p = [p1 · · · pj · · · pk]
= [p1 · · · pj · · · pk](V TV )−1V TX. (15)
The matrix An+1,kmod can thus be deﬁned and is given by
A
n+1,k
mod =
G
p
∣∣∣∣∣
n+1,k
[p1 · · · pj · · · pk](V TV )−1V T. (16)
With this knowledge, one can solve Eq. (11). During the subiterations the modes are subsequently calculated and added
to the model. Only a few subiterations are needed for convergence (3–4 orders of magnitude). In practice minimally
one mode needs to be prescribed to get started. The other modes are then the result from the calculated displacements
with the structural model. In other words, the structural model generates the additional modes itself. The use of these
new modes accelerates the convergence of the algorithm. Experience learned that better convergence can be obtained if
two or more modes are prescribed. This is also reﬂected in Fig. 2 where the FSI loop starts with the computation of the
pressure responses on prescribed modes v1 and v2. The ﬁnal result is independent of the prescribed modes, although
the chosen shape can inﬂuence the convergence speed of the procedure.
2.4. Case study: a 2D ﬂexible aortic heart valve
The two-dimensional geometry used for the actual simulation (Fig. 3(a)) consists of an inﬂow tract (inlet = left
ventricular outﬂow tract), a sinus of Valsalve (aortic valve) and an outﬂow tract (outlet = aorta). The dimensions of
the geometry are l1 = 4 cm, l2 = 6 cm, r1 = 2 cm, r2 = 0.75 cm and h = 2 cm. A physiological aortic inﬂow pattern
(Qao) (Fig. 3(b)) is imposed as boundary condition. Two subsequent cycles were calculated in order to have results
independent of the initial zero ﬂow in the entire ﬂuid domain ﬂuid. The stiffness EI normal of the aortic valve leaﬂet
used in this model is 2.7 × 10−5 Nm2. The modulus of Young E for normal aortic valve leaﬂets found in literature is
between 106 N/m2 and 2 × 106 N/m2 [3,4,9,10]. We chose E equal to 1.5 × 106 N/m2. The thickness of the leaﬂet
varies between 0.2 and 1.4mm [3,6], but as most researchers, we use about 0.6mm as the leaﬂet thickness for aortic
valve [9,10,12]. With the moment of inertia I = bh312 , h=thickness of the leaﬂet and b = 1m the reference width of the
2Dmodel, the above mentioned value of 2.7×10−5 Nm2 is obtained.As proposed by David et al. [2] the stiffness of the
hinge ks,hinge is somewhat lower than the leaﬂet stiffness. For both meshes the same value for ks,hinge =0.0075Nm/rad
is used.
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3. Results
3.1. Flow ﬁelds and leaﬂet motion
Fig. 4 demonstrates the behavior of the ﬂexible valve leaﬂet during the opening phase of the aortic valve. The ﬂuid
ﬂow is accelerating and initially pushes the leaﬂet towards the outlet. Due to the ﬂexible properties, the leaﬂet shows
a bump (Fig. 4(a)) because of the forward ﬂow at t = 0.05 s. At t = 0.10 s the leaﬂet is almost moving into the sinus
cavity.
3.2. Grid dependence study
The FSI problemwas solved on two different grids: a dense grid with approximately 4650 cells andN =15 segments
for the valve leaﬂet and a coarse grid with approximately 2100 cells andN =10 segments for the valve leaﬂet. Fig. 5(a)
show results which are virtually grid independent. The biggest difference exists at t = 0.09 s (Fig. 5(a)). Fig. 5(a)
shows an “overshoot” of the valve leaﬂet almost into the aortic sinus. Eventually, the leaﬂet is moving downwards to
a more stable position. It is important to mention that the ks,hinge needs to be the same value for both the values of N,
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Fig. 4. Aortic ﬂow vector plots during the opening phase of the valve motion: (a) t = 0.05 s; (b) t = 0.10 s.
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Fig. 5. Grid and Timestep dependence study: (a) grid dependence study during the opening phase of the valve motion; (b) timestep dependence study
during the opening phase of the valve motion.
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withN representing the number of segments of the valve leaﬂet. The stiffness EIl = EIl/N of the other springs is dependent
on N.
3.3. Timestep dependence study
Fig. 5(b) shows the results obtained with the two time steps used: t = 0.001 s (dashed lines) and t = 0.0005 s
(dotted line). They are qualitatively and quantitatively the same.
4. Discussion and conclusion
A novel ﬂuid-structure interaction algorithm has been developed to study the interaction between the ﬂow and highly
ﬂexible structures such as heart valves. The commercial CFD solver Fluent was extended with dedicated user deﬁned
functions (UDFs) and coupled with a customized structural solver with an iterative algorithm. The structural solver
is based on a model previously studied by Horsten et al. [5] and by David et al. [2]. Several studies demonstrated
the behavior of a ﬂexible heart valve [3,5,11,2] in settings similar to the one we used. The leaﬂet moves towards the
aortic sinus, and tends to move into this sinus [3]. After this “overshoot” of the valve leaﬂet, the leaﬂet starts moving
downwards. The vortex is present during the complete cardiac cycle. This vortex helps and guides the closure and
movement of the aortic valve leaﬂet during the closure of the valve [11].
A grid and time step dependence study was performed, in order to demonstrate the robustness of the newly developed
FSI code. Fig. 5(a) shows that grid independence is achieved. The same study was performed to assess time step
independence. In both cases, small differences are shown in Fig. 5(b) and (a) concerning the valve leaﬂet “overshoot”,
but this difference did not inﬂuence the valve closure of the ﬂexible leaﬂet. Thus Fig. 5(a) and (b) give qualitative and
quantitative good results, and it proves the robustness of the new FSI algorithm.
Our goal was to study the feasibility of the iterative coupling of a black box ﬂuid solver with a structural solver.
The method used implies that the structural solver needs to allow the speciﬁcation of a non-constant load boundary
condition, function of the position of the boundary itself. In this way, a fully implicit iteration scheme can be obtained.
The method is demonstrated on the opening and closing of the aortic valve during the complete cardiac cycle in 2D
and has potential for shear stress estimation on tissue engineered leaﬂet constructs.
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